Very recently authors in [5] proposed a new Generalized Uncertainty Principle (or GUP) with a linear term in Plank length. In this Letter the effect of this GUP is studied in quantum cosmological models with dust and cosmic string as the perfect fluid. For the quantum mechanical description it is possible to find the wave packet which resulted from the superposition of the stationary wave functions of the Wheeler-deWitt equation. However the norm of the wave packets turned out to be time dependent and hence the model became non-unitary. The loss of unitarity is due to the fact that the presence of the linear term in Plank length in the Generalized Uncertainty Principle made the Hamiltonian non-Hermitian.
Introduction
The idea that the uncertainty principle could be affected by gravity was first given by Mead [1] . Later modified commutation relations between position and momenta commonly known as Generalized Uncertainty Principle ( or GUP ) were given by candidate theories of quantum gravity ( String Theory, Doubly Special Relativity ( or DSR ) Theory and Black Hole Physics ) with the prediction of a minimum measurable length [2, 3] . Similar kind of commutation relation can also be found in the context of Polymer Quantization in terms of Polymer Mass Scale [4] .
The authors in [5] proposed a GUP which is consistent with DSR theory, String theory and Black Hole Physics and which says
where l = l 0 l pl . Here l pl is the Plank length (≈ 10 −35 m). It is normally assumed that the dimensionless parameter l 0 is of the order unity. If this is the case then the l dependent terms are only important at or near the Plank regime. But here we expect the existence of a new intermediate physical length scale of the order of l = l 0 l pl . We also note that this unobserved length scale cannot exceed the electroweak length scale [5] which implies l 0 ≤ 10 17 . These equations are approximately covariant under DSR transformations but not Lorentz covariant [3] . These equations also imply
and
where M pl is the Plank mass and c is the velocity of light in vacuum. It can be shown that equation (2) is satisfied by the following definitions
Here we can interpret p oi as the momentum at low energies having the standard representation in position space (p oi = −i
p oi p oi and p i as the momentum at high energies. We can also show that the p 2 term in the kinetic part of any Hamiltonian can be written as [5] 
Here we neglect terms O(l 2 ) and higher in comparison to terms O(l) to study the effect of the linear term in l in the first approximation as l = l 0 l pl . The effect of this proposed GUP is studied for some well known quantum mechanical Hamiltonians in [5, 6] .
In this Letter we are going to study the effect of this GUP [5] ( only upto a linear term in l ) in some selected quantum cosmological perfect fluid models with dust and cosmic string. For brief discussion on quantum cosmological perfect fluid models we can see [7, 8, 9, 10, 11, 12, 13] .
Quantum Perfect Fluid Cosmological Models
The expression for action in these quantum cosmological models with perfect fluid can be written as
where h ab is the induced metric over three dimensional spatial hypersurface which is the boundary ∂M of the four dimensional manifold M and K ab is the extrinsic curvature.
Here units are so chosen that c = 16πG = = 1. The second term was first obtained in [14] . P is the pressure of the fluid and satisfies the equation of state P = αρ where ρ is the energy density and −1 ≤ α < 1. In Schutz's formalism [15, 16 ] the fluid's four velocity can be expressed in terms of three potentials ǫ, θ and S (here we are studying spatially flat FRW model so other potentials are absent in this model because of its symmetry),
Here h is the specific enthalpy, S is the specific entropy, ǫ and θ have no direct physical meaning. The four velocity also satisfy the normalization condition
The metric for the spatially flat FRW model is
where N(t) is the lapse function and a(t) the scale factor. Using Schutz's formalism [15, 16] along with some thermodynamic considerations [10] it is possible to simplify the action. The final form of the super-Hamiltonian after using some canonical transformations [10, 7] can be written as
The lapse function N plays the role of a Lagrange multiplier leading to the constraint H = 0. Here the only canonical variable associated with matter is p T and it appears linearly in the super-Hamiltonian. The equation of motionṪ = ∂H ∂p T = Na −3α reveals that in the gauge N = a 3α , T may play the role of cosmic time. Using usual quantization procedure we can get the Wheeler-deWitt equation for our super-Hamiltonian believing that the super-Hamiltonian operator annihilates the wave function. So with p a → −i∂ a , p T → i∂ t andĤΨ(a, t) = 0 we get
Here we have considered a particular choice of factor ordering and our final results will be independent of the different choices of factor ordering. Any two wave functions Φ and Ψ must take the form [11, 9, 7] (13) to make the Hamiltonian operator self-adjoint and the restrictive boundary conditions being
To solve equation (12) we can use the method of separation of variables. Writing
and using (12) we get
The solutions of this equation can be written in terms of Bessel functions and we can now write the stationary wave functions as
where c 1,2 are the integration constants. To satisfy the first boundary condition of (14) we consider c 1 = 0 and c 2 = 0 (to avoid the divergence of the wave function in the limit a → 0), but still these solutions do not have finite norm. So we are interested in constructing the wave packet by superposing these solutions. In doing so we consider that the integration constant c 1 to be a gaussian function of the parameter E. Setting
the expression for the wave packet can be written as
where η = γ + i 3 32
and γ is an arbitrary positive constant in the gaussian factor. To find the norm of the wave function for α = 0 (dust) we use equation (13) and we finally get
So the norm is finite and independent of time. Similarly for α = − 1 3
(cosmic string) we see that
which is also finite and time independent.
3 Effect of the Generalized Uncertainty Principle in these Quantum Cosmological models
Now we are going to study the effect of the Generalized Uncertainty Principle (or GUP) in the context of the quantum cosmological models described above. Here we will study two cases, model with dust as the Schutz's perfect fluid and the model with an equation of state P = − ρ 3
(cosmic string). Throughout this whole process we will keep in mind that equation (2) and (3) have a linear term in Plank length as l = l 0 l pl . So we will neglect terms O(l 2 ) and higher in the first approximation whenever they appear in the calculation. Due to GUP the p 2 a term of the super-Hamiltonian (11) should be corrected. Following the arguments in [5] and using (6) we rewrite (11) as
Here we have neglected terms O(l 2 ). Using usual quantization procedures we find
Using Ψ(a, t) = e −iEt φ(a) we separate the variables and we get
As mentioned before we will study two cases. One with α = 0 and another with α = − 
α = 0 (Dust)
With α = 0 equation (23) reduces to
This third order equation is very difficult to solve analytically. So we will try to solve this equation approximately [17] in the region a ≈ 0 (early universe). The solution of equation (24) without the l term can be written as
where d 1 is one integration constant while there is a second one which is assigned to the Bessel function of second kind, i.e. Y 1
3
, and is set to zero to avoid the divergence in small a limit. As we are studying early universe cosmology so in the region a ≈ 0 (25) can be written as [18] 
where
. So clearly (26) we see that for small a we can also consider the approximation φ ≈ D 1 a and the result we get is
If we incorporate this result in equation (24) we get
The solution of this equation is known in terms of Bessel functions and we can write the final form of the stationary wave functions as
where c 1 is one integration constant while there is a second one which is assigned to the Bessel function of second kind, i.e. Y 1
, and is set to zero to avoid the divergence in small a limit. In this case also we should construct the wave packet superposing these solutions. So for the wave packet we can write
Defining s = −γs 2 ), the expression for the wave packet can be written as
This is a known integral [18] and finally we can write Ψ(a, t) = (a − i4l) 
A straightforward calculation gives
. As we are interested in the norm of the wave packet we have to follow equation (13) and in this case we have to evaluate
Using equation (33) we evaluate the square of the norm as Ψ|Ψ = (2A) 
Throughout this whole process we have neglected all the terms O(l 2 ) and higher. Clearly we can see from equation (35) that the norm is time dependent and hence we can conclude that this quantum model is non-unitary. If we set l = 0 we will get back equation (19) and there the norm is time independent. So, keeping in mind this interesting result let us study the quantum model with cosmic string as the perfect fluid. 
(Cosmic String)
If we consider a cosmic string fluid then equation (23) reduces to
Approaching in the same way as we did in the dust case we can write
for l = 0. In the limit a → 0 equation (37) can be expanded as
where D 1 and D 2 are the coefficients of a and a 5 respectively. So clearly
Putting this in equation (36) we get
If we take x = a − i3 l the equation (40) reduces to
Here also we will neglect the term O(l 2 ) and find the solution of equation (41). The solution is known and we now write the final form of the stationary wave functions:
To construct the wave packet superposing these solutions we have to evaluate equation (30) again in this case. Here we define s = √ 6E and choose A(E) in such a manner so that we can easily do the integration as before. After a straightforward calculation we now write the final form of the wave packet:
This equation implies
. Now using equation (13) in this case we evaluate the square of the norm of the wave packet and it turns out to be Ψ|Ψ = (2A) 
In the whole process of the calculation we have neglected terms O(l 2 ) and higher. If l = 0 we get back equation (20) . So this model like the dust model is also non-unitary as the square of the norm is time dependent.
Anisotropic quantum cosmological models are not unitary as the Hamiltonian operator in those anisotropic models is Hermitian but not self-adjoint [11, 19, 12] . But in our case if we carefully study equations (21) and (22) we can understand that the effectiveHamiltonian operator which is defined by
∂a 3 is not Hermitian or very weakly Hermitian in the limit l → 0. So the loss of unitarity is due to the fact that the presence of a linear term in Plank length in the Generalized Uncertainty Principle is making the effective-Hamiltonian operator non-Hermitian.
Conclusions
With the very recently proposed Generalized Uncertainty Principle (or GUP) [5] we have studied the flat minisuperspace FRW quantum cosmological model with dust and cosmic string as the perfect fluid. This GUP has a linear term in Plank length and here we have studied the effect of this term in the context of very early universe. In both the cases (dust and cosmic string) Schutz's mechanism has allowed us to obtain the Wheeler-deWitt equation for this minisuperspace in our early universe. Well behaved wave packet can be constructed from the linear superposition of the stationary wave functions of the WheelerdeWitt equation. While solving the Wheeler-deWitt equation we considered a particular choice of factor ordering of the position and momentum operators present in the equation and it is seen that the behaviour of the constructed wave packet remains same for other factor orderings. The presence of the linear term in Plank length in the GUP made the norm of the wave packet time dependent. So the model became non-unitary. But in the limit l pl → 0 the norm becomes time independent.
A standard axiom of quantum mechanics requires that the Hamiltonian should be Hermitian because Hermiticity guarantees that the energy spectrum is real and that time evolution is unitary (probability-preserving). But here we have seen that the presence of the linear term in Plank length made the Hamiltonian non-Hermitian and as a result total probability is not conserved.
